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Abstract
In this paper, we determine all indecomposable triple systems of order 10 and index 4 with
a non-trivial automorphism group and show that exactly 101 such designs exist. We then an-
swer some questions about IPP(10; ) and 5nally obtain a lower bound for the number of
LS[4](2; 3; 10). c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
For given v; k; and t, let X={1; 2; : : : ; v} and let Pk(X ) denote the set of all k-subsets
of X . The elements of X and Pk(X ) are called points and blocks, respectively.
A t-(v; k; 	) design, or brie?y a t-design, is a pair (X;B) where B is a collection of
blocks of X with the property that every element of Pt(X ) lies in exactly 	 blocks of
B. A t-design is simple if no two blocks are identical. In this paper, we are concerned
only with simple designs. (X; Pk(X )) is called the complete design. An isomorphism
between (X;B) and (X ′;B′) is a one–one mapping from X to X ′ such that the blocks
of B are mapped onto the blocks of B′. If no such mapping exists, then the designs are
said to be non-isomorphic. The set of automorphisms of a design (that is, isomorphisms
from a design to itself) forms a group which acts in a natural way as a permutation
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group on the points of the design and consequently on its blocks. A design is called
rigid if its automorphism group is the trivial group.
A large set of t-(v; k; 	) designs, denoted by LS[N ](t; k; v), is a partition of Pk(X )
into N disjoint t-(v; k; 	) designs, where N=( v−tk−t )=	. An LS[2](t; k; v) is called a halving
of the complete design. Two large sets are called isomorphic if corresponding to each
design in one of the large sets, there exists an isomorphic copy in the other large set.
A 2-(v; 3; 	) design is called a triple system of order v and index 	 and is denoted
by TS (v; 	). The complete triple system is the unique TS (v; v− 2) and is denoted by
CTS (v). A triple system is indecomposable, if there is no proper non-empty subset
B′ ⊂ B for which (X;B′) is a triple system.
In [2], the indecomposable partition problem, IPP (v; ), is posed: let ={	1; : : : ; 	s}
be a partition of v−2, i.e. ∑si=1 	i=v−2, can we partition the blocks of CTS (v) into s
classes B1; : : : ;Bs so that for each 16 i6 s; (X;Bi) is an indecomposable TS (v; 	i)?
We represent a solution to IPP (v; ) by IP (v; ). Clearly, IP (v; {1; : : : ; 1}) is the large
set problem for Steiner triple systems which is completely solved.
In this paper, we consider IPP (10; ). In [2] it is shown that:
Lemma 0.0.1. An IP (10; ) exists if and only if  is one of {2; 2; 2; 2}; {2; 2; 4};
or {4; 4}.
Colbourn and Rosa [3], found an indecomposable TS (10; 4). Colbourn and Harms
[2] produced one example for ={2; 2; 4} and {4; 4}. Here, we employ the information
obtained in [4], to determine all non-rigid indecomposable TS (10; 4). We then give
the exact number of IP (10; {4; 4}) consisting of two non-rigid designs and provide
lower bounds for the number of IP (10; {2; 2; 4}) and IP (10; {2; 2; 2; 2}). Note that
each IP (10; {2; 2; 2; 2}) is an LS[4](2; 3; 10).
2. The Results
Colbourn et al. [1] classi5ed the 394 non-isomorphic TS (10; 2) designs. The number
of these designs together with the number of automorphisms is as follows:
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In [4], Eslami et al. reported the total number of TS (10; 4) designs as 6; 010; 912.
They also provide a classi5cation of all 9008 non-rigid TS (10; 4):
|Aut| #TS (10; 4) |Aut| #TS (10; 4)
2 8285 16 4
3 428 20 2
4 179 24 4
5 10 32 1
6 46 48 2
8 32 320 1
9 4 720 1
10 9
Total = 9008
We 5rst consider the decomposability of these designs, i.e., the possibility of par-
titioning the 60 blocks of a non-rigid TS (10; 4) into two TS (10; 2). Clearly, it is
possible to tackle this problem with exhaustive techniques but we preferred to use a
variation of Stinson’s hill climbing algorithm (though this way we could not guaran-
tee indecomposability) [6]. The approach proved very fast and eLcient and produced
decompositions for all but 105 designs. Implementing an exhaustive search on these
designs we obtained:
Theorem 0.0.2. There exist exactly 101 non-rigid indecomposable TS (10; 4).








The indecomposable designs with at least three automorphisms are listed at the end
of this section.
From [4], we also have a classi5cation of all 4725 LS[2](2; 3; 10) which consist of
two non-rigid designs (note that the designs in an LS[2](t; k; v) have identical auto-
morphism group). Enumerating the number of large sets in which both designs are
indecomposable, we obtain:
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Theorem 0.0.3. There exist exactly 30 IP (10; {4; 4}) in which both designs are
non-rigid.
(Hereafter, we take the designs in IP (v; {	1; : : : ; 	s}) as {D1; : : : ; Ds}.)





The TS (10; 4) given in the paper, together with its complement is the unique
IP (10; {4; 4}) with |AutD1|= 20.
Now, we consider IP (10; {2; 2; 4}). The following lemma is obvious.
Lemma 0.0.4. Let T and T ′ be two non-isomorphic LS[2](2; 3; 10) with exactly one
indecomposable design (i.e., T and T ′ decompose into IP (10; {2; 2; 4})). Then; the
resulting IP (10; {2; 2; 4}) are also non-isomorphic.
Hence, enumerating the number of non-isomorphic large sets with exactly one inde-
composable design suLces to get a lower bound for the number of IP (10; {2; 2; 4}):
Theorem 0.0.5. There exist at least 65 IP (10; {2; 2; 4}).
{|AutD1|; |AutD2|, |AutD3|} #IP (10; {2; 2; 4})
{1; 1; 2} 45
{1; 3; 2} 1
{1; 2; 2} 4
{1; 4; 2} 2
{2; 2; 2} 1
{1; 2; 3} 1
{3; 3; 3} 1
{1; 1; 4} 3
{1; 3; 4} 1
{1; 4; 4} 1
{1; 1; 5} 1
{1; 1; 6} 4
Total = 65
The large sets in which both designs are decomposable, produce decompositions with
 = {2; 2; 2; 2}. In this case, two non-isomorphic large sets may result in isomorphic
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IP (10; {2; 2; 2; 2}). Therefore, we use the canonical labeling of the designs produced
by nauty [5] to obtain 4576 non-isomorphic IP (10; {2; 2; 2; 2}), while the total num-
ber of large sets of this class is 4629. Clearly, an IP (10; {2; 2; 2; 2}) is exactly an
LS[4](2; 3; 10) and we have:
Theorem 0.0.6. There exist at least 4576 LS[4](2; 3; 10).
The number of large sets together with the number of automorphisms of the designs
of large sets are provided in Table 1. Furthermore, examples of IP(10; )={D1; : : : ; D4}
for  = {2; 2; 2; 2} and automorphism type (60; 60; 60; 60) is provided. This example
is the result of decomposition of the LS[2](10; 3; 4) consisting of designs with 20
automorphisms.
Table 1
Lower bounds for non-isomorphic LS[4](2; 3; 10)
{|AutD1|; |AutD2|; |AutD3|; |AutD4|} # LS[4](2; 3; 10)
{1; 1; 1; 1} 3320
{1; 1; 1; 12} 5
{1; 1; 1; 2} 420
{1; 1; 1; 3} 165
{1; 1; 1; 4} 43
{1; 1; 1; 5} 5
{1; 1; 1; 6} 33
{1; 1; 1; 60} 1
{1; 1; 1; 9} 8
{1; 1; 12; 108} 2
{1; 1; 12; 12} 3
{1; 1; 12; 60} 1
{1; 1; 2; 108} 1
{1; 1; 2; 12} 17
{1; 1; 2; 2} 246
{1; 1; 2; 3} 20
{1; 1; 2; 4} 45
{1; 1; 2; 5} 1
{1; 1; 2; 6} 45
{1; 1; 2; 60} 7
{1; 1; 3; 108} 1
{1; 1; 3; 12} 4
{1; 1; 3; 3} 47
{1; 1; 3; 4} 1
{1; 1; 3; 6} 6
{1; 1; 3; 60} 2
{1; 1; 3; 9} 10
{1; 1; 4; 108} 1
{1; 1; 4; 4} 5
{1; 1; 4; 6} 4
{1; 1; 4; 60} 2
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Table 1 (continued).
{|AutD1|; |AutD2|; |AutD3|; |AutD4|} # LS[4](2; 3; 10)
{1; 1; 5; 5} 1
{1; 1; 6; 108} 1
{1; 1; 6; 6} 4
{1; 1; 6; 60} 1
{1; 1; 60; 60} 1
{1; 1; 9; 12} 3
{1; 1; 9; 9} 2
{1; 2; 2; 2} 15
{1; 2; 2; 3} 10
{1; 2; 2; 4} 1
{1; 2; 2; 5} 1
{1; 2; 2; 6} 7
{1; 2; 2; 60} 3
{1; 2; 3; 12} 1
{1; 2; 3; 3} 5
{1; 2; 3; 4} 3
{1; 2; 3; 6} 5
{1; 2; 3; 9} 1
{1; 2; 6; 9} 1
{1; 3; 3; 3} 1
{1; 3; 3; 4} 1
{1; 3; 4; 6} 1
{1; 4; 4; 4} 1
{2; 2; 2; 12} 1
{2; 2; 2; 2} 17
{2; 2; 2; 4} 1
{2; 2; 4; 108} 1
{2; 2; 4; 4} 1
{2; 2; 4; 6} 1
{2; 3; 3; 4} 1
{3; 3; 3; 3} 2
{3; 3; 3; 6} 1
{3; 3; 3; 9} 3
{3; 3; 6; 6} 1
{3; 3; 9; 9} 3
{4; 4; 5; 5} 1
{60; 60; 60; 60} 1
Total = 4576
Indecomposable TS (10; 4) with at least 3 automorphisms
3 automorphisms
123 124 125 126 138 139 146 147 156 157 159 168 179 234 235
237 247 248 259 268 269 278 345 347 349 356 367 368 379 456
458 459 469 478 567 578 130 140 170 189 180 250 260 270 289
290 350 360 389 380 460 480 490 570 589 580 678 679 690 790
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Indecomposable TS (10; 4) with at least 3 automorphisms
3 automorphisms
123 124 125 126 138 139 147 149 156 158 167 169 178 179 234
236 239 245 249 257 258 267 278 345 346 348 358 359 367 378
379 456 457 467 468 568 569 579 130 140 150 180 260 270 289
280 290 350 360 370 470 489 480 490 570 590 689 680 690 789
4 automorphisms
127 128 129 134 135 137 138 146 147 149 156 158 169 234 235
237 246 248 256 257 259 268 269 278 345 358 367 368 369 379
456 457 459 468 478 479 579 120 150 160 170 189 230 240 290
340 360 389 390 480 490 560 570 589 580 678 679 670 780 890
4 automorphisms
123 124 125 126 138 139 146 147 156 157 159 168 179 234 235
237 248 249 258 267 269 279 346 348 356 358 359 369 378 379
457 458 459 467 469 478 567 578 130 140 170 189 180 250 260
270 289 280 340 360 370 450 490 560 590 678 689 680 790 890
4 automorphisms
123 124 125 126 138 139 146 147 156 157 159 168 179 237 239
246 248 256 258 259 267 279 346 347 348 349 356 357 358 367
368 457 458 459 469 478 578 130 140 170 189 180 230 240 270
289 280 350 390 450 490 560 590 679 670 689 680 690 789 780
4 automorphisms
127 128 129 134 135 136 137 145 146 148 157 159 169 235 237
238 239 245 246 249 258 259 267 268 346 347 348 356 369 459
468 478 479 567 568 578 579 120 160 170 189 180 240 260 270
350 370 389 380 390 450 470 490 560 580 678 679 690 789 890
4 automorphisms
127 128 129 134 135 136 137 145 146 148 157 159 168 234 235
236 238 245 248 256 257 267 279 345 367 369 378 379 459 467
468 469 478 479 568 569 578 120 160 170 189 190 240 260 289
290 340 350 389 380 390 470 490 560 570 589 580 679 680 780
4 automorphisms
123 124 125 126 138 139 147 149 156 159 167 168 178 237 239
248 249 256 259 267 268 278 279 345 346 347 348 356 357 358
369 378 456 457 458 469 478 579 130 140 150 170 189 230 240
250 280 360 390 460 490 570 589 580 679 670 689 680 790 890
4 automorphisms
123 124 125 126 138 139 147 149 156 159 167 168 178 237 239
248 249 256 259 267 268 278 345 346 347 348 356 357 358 369
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Indecomposable TS (10; 4) with at least 3 automorphisms
379 456 457 458 469 479 578 579 130 140 150 170 189 230 240
250 270 289 360 380 460 480 580 590 678 670 689 690 790 890
4 automorphisms
123 124 125 126 138 139 147 149 157 158 167 168 169 234 235
237 246 248 256 259 278 279 346 347 348 356 357 359 367 456
458 459 468 479 569 578 130 140 150 170 189 260 270 289 280
290 360 389 380 390 450 470 490 570 580 678 679 680 690 789
4 automorphisms
123 124 125 126 138 139 147 149 157 158 167 168 169 234 235
237 246 248 256 259 278 279 347 349 357 358 367 368 369 456
457 458 459 468 479 569 578 130 140 150 170 189 260 270 289
280 290 340 350 360 389 460 480 560 590 678 679 780 790 890
4 automorphisms
123 124 125 126 138 139 147 149 157 158 167 168 169 234 235
237 246 248 256 259 278 279 347 349 357 358 367 368 369 456
457 458 459 469 478 568 579 130 140 150 170 189 260 270 289
280 290 340 350 360 389 460 480 560 590 678 679 780 790 890
4 automorphisms
123 124 125 126 138 139 147 149 157 158 167 168 169 236 237
245 246 248 256 259 278 279 345 346 347 348 356 357 359 367
458 459 468 479 569 578 130 140 150 170 189 230 270 289 280
290 389 380 390 460 470 490 560 570 580 678 679 680 690 789
4 automorphisms
123 124 125 126 138 139 147 149 157 158 167 168 169 237 238
239 245 246 248 256 259 278 279 345 346 347 348 356 357 359
367 458 459 468 479 569 578 130 140 150 170 189 260 270 280
290 360 380 390 460 470 490 560 570 580 678 679 689 789 890
4 automorphisms
123 124 125 126 138 139 147 149 157 158 167 168 169 237 238
239 245 246 248 256 259 278 279 345 346 347 348 356 357 359
367 458 459 469 479 568 578 130 140 150 170 189 260 270 280
290 360 380 390 460 470 480 560 570 590 678 679 689 789 890
4 automorphisms
127 128 129 134 135 136 137 145 146 148 156 159 178 179 234
235 236 247 249 257 258 267 268 269 349 358 368 369 378 379
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Indecomposable TS (10; 4) with at least 3 automorphisms
456 457 467 468 478 567 569 579 120 160 180 190 230 240 250
289 340 350 370 389 450 489 490 589 580 670 680 690 780 790
5 automorphisms
123 124 125 126 138 139 147 149 156 158 167 169 178 179 235
236 237 247 248 256 259 268 279 345 346 347 349 357 358 367
457 458 468 469 569 578 579 130 140 150 180 240 270 289 280
290 360 389 380 390 450 460 489 560 590 678 670 689 780 790
6 automorphisms
127 128 129 134 135 136 137 145 146 148 157 159 169 236 238
239 245 246 248 249 256 257 258 267 346 347 348 357 359 369
378 459 478 479 567 568 120 160 170 189 180 230 270 290 350
380 390 450 460 470 490 560 589 580 678 679 689 680 789 790
6 automorphisms
123 124 125 126 138 139 147 149 156 158 167 169 178 179 234
235 247 249 257 258 268 269 278 345 346 347 357 359 367 368
379 456 458 468 469 567 579 130 140 150 180 230 260 270 289
290 360 389 380 450 470 489 480 560 589 590 678 690 780 790
6 automorphisms
127 128 129 134 135 136 137 145 146 148 157 158 169 179 237
238 239 245 246 247 256 258 259 268 279 345 349 356 358 369
378 467 468 478 479 567 569 579 120 160 180 190 230 240 260
340 360 370 389 450 489 490 570 580 590 678 670 689 780 890
6 automorphisms
123 124 125 126 138 139 148 149 156 157 167 169 178 234 235
236 247 249 258 268 278 279 348 349 356 357 359 367 368 378
456 457 458 467 468 479 569 579 130 140 150 170 189 250 260
270 289 290 340 370 390 450 460 589 580 679 680 690 780 890
20 automorphisms
123 124 125 126 138 139 146 147 156 157 159 168 179 234 237
239 246 248 257 258 269 278 279 345 347 348 356 358 367 369
457 459 467 469 568 569 578 130 140 170 189 180 250 260 280
290 350 360 370 389 450 489 480 490 590 678 670 680 789 790
IP (10; {2; 2; 2; 2}) of automorphisms type {60; 60; 60; 60}
124 125 138 130 147 150 167 169 189 235 230 246 267 278 289
290 347 349 357 368 369 458 459 460 480 568 560 579 780 790
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Indecomposable TS (10; 4) with at least 3 automorphisms
123 126 139 149 140 157 158 168 170 234 249 256 258 279 270
280 348 359 350 367 360 378 457 450 467 468 569 690 789 890
128 129 134 137 145 156 160 179 180 237 239 245 240 257 268
260 346 356 358 380 390 469 478 470 489 570 589 590 678 679
127 120 135 136 146 148 159 178 190 236 238 247 248 259 250
269 345 340 379 370 389 456 479 490 567 578 580 670 689 680
References
[1] C.J. Colbourn, M.J. Colbourn, J.J. Harms, A. Rosa, A complete census of (10,3,2) block designs and of
Mendelsohn triple systems of order ten, Congr. Numer. 37 (1983) 211–234.
[2] C.J. Colbourn, J.J. Harms, Partitions into indecomposable triple systems, Combin. Design Theory (1987)
107–118.
[3] C.J. Colbourn, A. Rosa, Indecomposable triple systems with 	 = 4, Studia Sci. Math. Hung. 20 (1985)
139–144.
[4] Z. Eslami, G.B. Khosrovshahi, B. Tayfeh-Rezaie, On halvings of the 2-(10,3,8) design, J. Statist. Plann.
Inference 86 (2000) 411–419.
[5] B.D. McKay, Nauty user’s guide (version 1.5), Technical Report TR-CS-90-02, Computer Science
Department, Australian National University, 1990.
[6] D.R. Stinson, Hill climbing algorithms for the construction of combinatorial designs, Ann. Discrete Math.
26 (1985) 321–334.
